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r by r +r lG os (u+i'i'+i" r )+r 2 cos 2(u-\-i'i>+i" r )+ ... , 

l by I + ^sin (tZ-H'Z'+*"r)+ Z 2 sin 2(iZ-H'Z'+i"r) + - • • , 
V by V + l' 1 sm(il-\-i'l'+i"y) + ? a Bin2(«+t'Z'H-t"y)+ • • • , 

r b y r + ri sm (^+^ / +*"r)+ r 2 sm 2 (^+^'+i"r)+ • • • j 

and will have, for determining the new variables I, V, y, a, a', e, precisely 
the same differential equations as we started with, provided we make all 
these substitutions in the function R, and regard the new variables L, L', 
r as connected with a, a', e by the relations 

L = L +i(d 1 L 1 +2d 2 L 2 +...), 

L'=L' +H6 1 L' 1 +20 a L' i +...), 

r=r +w 1 r 1 +2d 2 r 2 +...)• 

It will be perceived that as long as we are dealing with terms of R, whose 
arguments involve I or V or both, the second members of the three equations, 
last written, have values which differ from the elliptic values of L, U and 
r only by quantities of the second order with respect to disturbing forces. 
Hence, if we propose to neglect third order terms, until we have reduced R 
to a function of the argum't y only, we can assume that L, U and r which 
are the elements conjugate to the arguments I, V and y, are expressed through- 
out in terms of a, a' and e, in the same way as in the elliptic theory. It 

may be added that these third order terms are found in experience to be 

much smaller than those which arise in other ways. 

[To be continued.] 



SOME RELATIONS BED UCED FROM EULER'S THEOREM 
ON THE CURVATURE OF SURFACES. 



BY CHA8. H. KUMMELL, TJ. S. COAST AND GEODETIC SURVEY, WASH., D. C. 

Let a = angle of any normal section with line of maximum curvature, 
k a = curvature of this normal section, 
k m = maximum curvature, 
h n = minimum curvature; then by Euler's theorem : 

K = & m cos 2 a-f-&„sin 2 «, (1) 

. • . k a+yi „ = k m sm 2 a+k n cos 2 a. 
Adding, we obtain the well known relation : 

K+h+%* = k m +k n = constant. (2) 

But multiplying we have 

KK+Xn = (&! l +&Dsin 2 acos 2 a+fc„A(cos 4 «-f sin 4 a) 

= 1{K + k n ) 2 sin 2 2a + k m k n cos 2 2a. (3) 

PIace k n +n = i{K + k n ) = i(k a +k a+v J = k H „, (4) 
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Kn= i/(k m h), (5) 

then hh+%„ = kl+n sin 2 2a+kl n eos 9 ' 2a. (3 ) 

From (4) and (3') we can form the quadratic : 

P-2k m+ MJc 2 , n+ nSin 2 2a+kLcos 2 2a = 0, (6) 

whence k a = & m+)[ +cos 2a ] /(kl +n — /c|„). (7) 

This formula although apparently more complicated than (1) is never- 
theless of greater practical value for the following reasons : 

The prin'l curvatures k m and k n on any surface are given by the quadratic 

hence by (4) K+n =^±^^^±&, (9) 

and by (5) k mn = ff^l- (10) 

Thus we see that these two quantities are directly given without solving 
a complete quadratic. Their geometrical signification is as follows : 

"We have evidently k m+n =k >i „ ) (11) 

also lc m+n = J k a da-±- j rf« — - I (k m cos 2 a-\-k n sm 2 a)da (12) 

1 /" 7r 
= -J [A m+ „-f-cos 2a I /(7<; m+ , l 2 — &„ m 2 )](fa 

— *W+» + j_ 2S Jo' 

it is therefore the mean curvature. 

Since k m k n is the measure of curvature according to Gauss, therefore 
l-5-&m»is the radius of a sphere of the same curvature (13); also 

1 __ r«da_^_ p , _ 1 pr cfe 

^mn J oka J it J 0k m cos 2 a +- &„sin 2 a 

1 C v daj/(fc M -H&, B )sec 2 a 

"~ ny{k m k^J 1 + (ft„-*-k m ) tan 2 « 



l/(k m kn) 
Thus we see l-=-k mn = mean radius of curvature. 
Replacing a by a-\-^n in (3') we have 

k a+yi „k a+K „ = k,l +n cos 2 2a + kl n sin 2 2a. 
Adding this to (3') we obtain the very remarkable relation 

KK+y 3 «+K+>i*K+%« = K+ n +ki = constant. (15) 

*This is Monge's notation ; p = (dr-^dx) ; q = (dz-i-dy) ; r = (d 2 z-i-dx 2 ) ; s = {d 2 z-i-dxdy) ; 
t = {dH+dy 2 ). 



—95— 

That is, the sum of the products of the curvatures of one pair of cross 
sections and of another pair of cross sections bisecting the first is constant. 

This remarkable theorem, analogous to (2), is but a particular case of a 
more general one, which I give without proof, which is easy however. 

If a pair of cross sections is continually bisected and after N bisectio ns 
the product of curvatures taken, and if we add to this the product of the 
curvatures of a system of sections bisecting the first, the sum is constant. 

From the examination of some special cases by Mr. Alex. S. Christie of 
XL S. Coast Surv. it seemed probable that in general the sum of N curv- 
atures evenly distributed around a point; the sum of their products by two, 
by three . . . , by N — 1 is also constant; but that their product depends on 
the azimuth. To prove this I proceed as follows: 

"We have by (7), if for brevity we place k m _„ = i/(k m+ „, 2 — k nm 2 ), (16) 
k a = K+n+K-n cos 2a. (7') 

We have then UQ~ 1 [k a+ ^^ N) „'] = Nk m+a = constant, (17) 

IT 1 [k| +M „] = Nk2 +I1 + kJU^-i { cos 2 2[«+(.m-NK| } 

= HUh. + ikJU^" 1 { l+cos4[«-l-(v+NKl !> 
= Nk2 +)l + iNk,2_„ = constant. (18) 

Hence since 2'^- 1 [k| +( ^. Jsr)i) *] = [i'^-i(k a+( ^^ )p )] 2 

we have the sum of the products by two 

^ [Ma+(v-~If)pka+W+N)p] = 2 -N k,„ +Jl -g-jSl k m+)J — JN(k* +)l — k,? m 

= JN.K2N— 3)k« +B +JNk2, = const. (19) 
Again ^o _1 [ k a+(^^)J = N k| +K +fNk m+R k|_ K 

= fNk m 3 [+n — |Nk m+K k,|„ = constant. (20) 
Since ^[XW^.] = [^- 1 (k» + (^)] s -3[^ 1 (k, + (^)^- 1 ) 

(•Ka+(«H-JV)p) 2 O^a+iv-i-N^ii <>2 q {K a +(v~N)p^-a+(vt-i-N)p^a+(vll-i-N)p 
= 2[2 fl (ko+CDJ-jyjii)] +62 ~ \K a +(v-^W)p)^'0^a+(v-hlf)p^a+(»l-i-lf)p) 

+ «32 (ka+fy+x),,) — 62 \M-a+('>-=-if)P^-''+{vl~-]<r)pl s -a+(vll-rJ!f)p)) (21) 

we infer that the sum of the products by three of the N curvatures is const. 

It is easy to see that the sum of the powers, as well as the products by 

four, five, etc., must be constant, but with this exception, that it does not 

hold for the sura of the Nth powers nor the product of the N curvatures; 

for we have ^- 1 [kf K ^ ff)p ] = constant +k*_.-2"ff-i ■{ oos*2[a+(v-s-JV);r] } 

1 N N-l ( ) 

— const. + ?rjr - T k 2 { cos 2(Na+ vit) } 

Ziy-i. m-n ( ' J 

-f- constant 

N N 
= const. + ™-k cos 2Na; (22) 

therefore also the product of the curvatures is not constant. 



*For want of Greek sorts the subscript p is here written for ir, and subsc'pt v stands for v. 



